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Abstract. We use recently introduced Rasmusscn invariant to find knots that 
are topologically locally-flatly slice but not smoothly slice. We note that this 
invariant can be used to give a combinatorial proof of the Slice-Bennequin in- 
equality. Finally, we compute the Rasmussen invariant for quasipositive knots 
and show that most of our examples of non-slice knots are not quasipositive 
and were to the best of our knowledge unknown before. 



1. Rasmussen invariant and the Slice-Bennequin inequality 

In JUj Jacob Rasmussen used the theory of knot (co)homology developed by 
Mikhail Khovanov |1] and results of Eun Soo Lee [Sj to introduce a new invariant 
s of knots in S 3 . This invariant takes values in even integers. Its main properties 
are summarized as follows. 

l.A. Theorem (Rasmussen Theorems 1-4]). Let K be a knot in S 3 . Then 

(1) s gives a lower bound on the slice (A- dimensional) genus gi(K) of K: 

\s{K)\ < 2g 4 (K); (1.1) 

(2) s induces a homomorphism from Conc(S 3 ) , the concordance group of knots 
in S 3 , to 7L: 

(3) If K is alternating, then s(K) = o~(K), where cr(K) is the classical knot 
signature of K . 

(4) If K can be represented by a positive diagram D, then 

s(K) = 2 9i (K) = 2g(K) = n(D) - 0(D) + 1, (1.2) 

where n(D) and O(D) are the number of crossings and Seifert circles of D, 
respectively, and g(K) is the ordinary genus of K; 

l.B. Corollary (|2B Corollary 4.3]). Let K + and K- be two knots that are 
different at a single crossing that is positive in K + and negative in K_ . Then 

s{KJ) <s(K+) <s(K-)+2. (1.3) 

Equality l|1.2f> can easily be generalized to the case of arbitrary knots. It becomes 
an inequality then. 
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Figure 1. The (—3, 5, 7)-pretzel knot, its braid representation as 
a strongly quasipositive braid &\ a% <T2,4 03,6 0"i,4 o~s 02,5) and the 
corresponding Seifert surface. 

l.C. Lemma. Let K be a knot represented by a diagram D and let w(D) be the 
writhe number of D, that is, the number of positive crossings of D minus the number 
of negative ones: w(D) — # |/\| — if {/\}' Then 

s(K) > w(D) - O(D) + 1. (1.4) 

Proof. If all crossings of D are positive, the Lemma follows from (|1.2|) . The 
inequality (|1.4(l is an equality then. When a positive crossing of D is changed into 
a negative one, the right hand side of (|1.4|l decreases by 2, while the left hand side 
decreases by at most 2, because of l|1.3|) . Hence, the inequality is preserved. □ 

Lemma ll . ( Jl implies the Slice-Bennequin inequality that was originally proved by 
Rudolph using the gauge theory. The theory developed by Khovanov, Lee, and 
Rasmussen provides the first purely combinatorial proof of this inequality. 

l.D. COROLLARY (Slice-Bennequin Inequality, cf. 52)- Let (3 be a braid with k 
strands and let (3 be its closure that is a knot. Then 

w([3) -k + 1 



9i{P) > 

PROOF. Follows from (|1.4|l and 



(1.5) 
□ 



The Slice-Bennequin inequality leads to a formula for the Rasmussen invariant 
of (strongly) quasipositive knots. We use this formula in section [21 

1. E. Definitions. 1. A knot K is said to be quasipositive if it is the closure of 
a braid that has the form (w\o-j 1 w 1 ~ 1 )(u'2crj 2 u' 2 ~ :L ) • • ■ (w p o-j p Wp 1 ), where Oi are the 
standard generators of the corresponding braid group, and Wi are braid words. 

2. A knot K is said to be strongly quasipositive if it is the closure of a braid that has 
the form o- iujl a i2 ^ 2 ■ ■ ■ a ipijp , where a. tJ = {a t a. l+ i ■ ■ ■ cr J -_ 2 )(T i _ 1 (criO-j + i ■ ■ • Oj- 2 Y x 
for j > i + 2 and cr^i+i = Oi. 

The (—3, 5, 7)-pretzel knot depicted in Figure^a is a strongly quasipositive knot. 
It is the closure of the braid o~\ 02 02.4 03,6 o~x,4, 05 02,5 (see Figure^b). 

l.F. Proposition. Let K be a knot that can be represented as the closure of a 
quasipositive braid (3 with k strands, such that (3 is a product of b factors of the 
form waiW^ 1 . Then 

s{K) = 2 g4 ,(K) = b - k + 1. (1.6) 
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//, moreover, (3 is strongly quasipositive, then 

s(K) = 2g(K) = 2 gi (K) = b - k + 1. (1.7) 

Proof. It is clear that w(K ) = b and 0(K) = k. Hence, 

b- k + 1 < s(K) < \s(K)\ < 2g 4 (K) < 2g(K) 

by ljl.4|l and (|1 . 1|) . On the other hand, for a (strongly) quasipositive knot one can 
explicitly construct an embedded surface S in D (respectively, S 3 ), such that OS = 
K and the Euler characteristic x(S') of S is k — b (see Figure^c that illustrates this 
construction in the strongly quasipositive case). If follows that g 4 {K) (respectively, 
g(K)) does not exceed ■ This finishes the proof. □ 

Remark. Charles Livingston \§\ used the Ozsvath-Szabo knot invariant t [S] to give 
new proofs to several results of Lee Rudolph ^] on the slice genus, including 
the Slice-Bennequin Inequality, s and r share many of their main properties and 
our approach is similar to the Livingston's one. The key difference is that the 
Rasmussen invariant is defined combinatorially, while the Ozsvath-Szabo invariant 
is based on the theory of knot Floer homology. Rasmussen conjectured that s(K ) = 
2t{K) for every knot K. 

Remark. Relation between the Rasmussen invariant and the Slice-Bennequin in- 
equality was independently observed by several other authors, including Olga Pla- 
menevskaya and Alexander Stoimenow [T5|. 

2. Sliceness of knots 

In many cases one can easily compute s(K) if one knows the Khovanov homology 
of K. For a given knot K, let h^(K) = dim Q (W^(K) <8 Q) be the ranks of 
its homology and Kh(K)(t,q) = ■ t l qi h 1 ' 1 * {K) be the corresponding Poincare 
polynomial in variables t and q. Denote by hw(K) the homological width of K, 
that is, the minimal number of diagonals 2i — j — const that support the homology 
of K. 

In was shown by Rasmussen Proposition 5.2] that for all knots K with 
hw(K) < 3, one has 

Kh{K) = q^- 1 (1 + q 2 + (1 + tq A )Kh'{K)) , (2.1) 

where Kh'(K) is some (Laurent) polynomial in t and q with non-negative coeffi- 
cients. In fact, Rasmussen's arguments can be applied to a more general case. 

2.G. Assume that h 1 ' 3 (K)h t+ ' 3+ (K) — for alii and j (this is automatically the 
case for all K with hw(K) <3). Then (|2.1|l holds true. 

Proof. Construction of the Rasmussen invariant is based on a spectral sequence 
structure on the Khovanov chain complex that is due to Lee [5] . The differential d n 
in this spectral sequence has bidegree (l,4(n — 1)). The condition on h 1 ' 3 implies 
that d n is trivial for all n > 3. The rest of the arguments is the same as in ^5J 
Proposition 5.2]. □ 

It is possible for a knot to have homological width 4, but still satisfy the condition 
of l2.Cl fsee Table^). On the other hand, the knot 167J864894 1 may theoretically have 



The enumeration for knots that we use is the one from Knotscape 0. For example, the knot 
13ni496 is a non-alternating knot number 1496 with 13 crossings. 
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Table 1. Homology ranks of the knot 16ri809057- The homological 
width is 4, but the differential of bidegree (1, 8) is trivial. 





-9 


-8 


-7 


-6 


-5 


-4 


-3 


-2 


-1 





1 


2 


3 


4 


5 


6 


9 
































1 


7 






























1 




5 




























1 


1 




3 
























2 


2 


1 






1 




















(1) 


2 


1 


1 








-1 




















3 


3 


2 










-3 
















1 


4 


3 


1 












-5 














1 


2 


2 


1 














-7 












1 


3 


4 


(1) 
















-9 










2 


3 


2 




















-11 








1 


1 


2 






















-13 






1 


2 


2 
























-15 




1 


1 




























-17 




1 






























-19 


1 

































Table 2. Homology ranks of the knot 16ns64894- Encircled entries 
show that d 3 ' can possibly be non-trivial. 



ds 1 ' 7 ^ 0, since h~ l ~ 7 = /i - 1 
the Rasmussen invariant is or 
be 0. 



= 1 (see Table |2J. We can not conclude whether 
—2 in this case. In order to satisfy H2.1|l . it should 
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Remark. It was conjectured pQ that 1)2.1(1 holds true for all knots for some integer 
s(K). It is not currently known whether this integer always equals the Rasmussen 
invariant or not. The knot 1671864894 might be a counter-example. 



Given a knot K, denote by A.ic(t) its Alexander polynomial. M. Freedman 
proved 2 that if A^(t) = 1, then K is topologically locally-flatly slice. We used 
Knotscape jHj to list all knots with up to 16 crossings that have A = 1. In total, 
there are 699 such knots. The first one of them has 11 crossings (see Table OJ). 
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Table 3. Number of knots that have Alexander polynomial 1 and 
those among them that have non-zero Rasmussen invariant. 



Next, we used KhoHo, a program for computing and studying Khovanov homol- 
ogy ^1], to find the homology of all the knots with A = 1. Fortunately for us, 
most of the knots considered (in particular, all knots with at most 15 crossings) 
have homological width 3. 42 knots with 16 crossings have homological width 4, 
but satisfy the condition of !2.GI Hence, we can deduce the Rasmussen invariant of 
these knots from their homology using ((2.1(1 . 

There are only two knots with 16 crossings and A = 1, for which l2~Gl can not 
be applied. They are 16ri864894 and 1671925408 (see Table |2J). Their Rasmussen 
invariant can either be or 2. Hence, the last entry in Table [3] can range from 65 
to 67. 
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Table 4. All knots with at most 15 crossings that have Alexander 
polynomial 1 and non-zero Rasmussen invariant. 2 such knots with 
16 crossings that can be strongly quasipositive or a mirror image 
thereof. 
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As it turns out, 82 (possibly 84) knots with up to 16 crossings have Alexander 
polynomial 1 and non-zero Rasmussen invariant. Theorem 1 1 . Al implies the follow- 
ing. 

2.H. Proposition. All knots with up to 15 crossings from Table^as well as 65 
knots with 16 crossings are topologically locally- flatly slice, but not smoothly slice. 

These 65 knots with 16 crossings have numbers 2601, 4787, 10734, 15919, 35456, 
38567, 54888, 55405, 63905, 64312, 85435, 88272, 95001, 100099, 146445, 196836, 
201101, 205822, 211749, 213930, 225414, 231486, 233317, 247683, 247710, 249903, 
253331, 271353, 281590, 287865, 322069, 345376, 355871, 359271, 367431, 380325, 
383790, 412372, 418128, 432810, 446116, 464148, 470729, 487352, 499458, 528093, 
538818, 542632, 548142, 591990, 596477, 637428, 644951, 696243, 707728, 738706, 
740175, 762813, 762859, 768960, 809057, 817682, 842714, 884475, and 955859. 

At least three of these examples were already known to be non-slice. The knots 
13ni496 and 1671.955859 were considered by Alexander Stoimenow in [151 Example 1 ] 
and [161 Example 4.1]. The knot 1571113775 is the (— 3, 5, 7)-pretzel knot. It was 
shown to be non-slice by Rudolph ^21- Another his example, the untwisted positive 
double of the trefoil, has 19 crossings. Hence, it is not in the table. 

In general, all knots that are either strongly quasipositive or the mirror image 
of a strongly quasipositive knot are not slice ^Sj ■ Let us show that only two more 
knots with up to 16 crossings can (potentially) fall into this category. 

Let Pk(v, z) be a HOMFLY polynomial of K, that is, the polynomial in variables 
v and z determined by the skein relations 

v~ 1 P\s - U-Pyy = zPv P^=l. (2.2) 

^ X ) ( O 

Let e(K) and E(K) be the lowest and highest exponents of v in Pk, respectively. 
2.1. Lemma (0 Theorem 1]). Let K be a knot represented by a diagram D. Then 

w{D) - O(D) + 1 < e(K) < E(K) < w{D) + 0(D) - 1. (2.3) 

2.3. Lemma (cf. |15j . Lemma 1). 1. If K is a (strongly) quasipositive knot, then 

< s{K) = 2g 4 [K) < e(K). (2.4) 

2. If K is the mirror image of a (strongly) quasipositive knot, then 

E(K) < s(K) < 0. (2.5) 

Proof. Part 1 follows from II .El and |2~T1 immediately. For part 2 notice, that 
w(D) = —w(D), O(D) = O(D), where D is the mirror image of D, and that 
s(K) = -s(K) (see QUI Proposition 3.11]). □ 

2.K. COROLLARY. Among all knots from Proposition \2.Hl only knots 1571413775 
and 1677,955859 can be strongly quasipositive and only 1671412372 can be the mirror 
image of a strongly quasipositive knot (see Table^. 1577-113775 is the (—3,5,7)- 
pretzel knot and is indeed strongly quasipositive (see Figure^). 



Stoimenow arranges all the knots with a given number of crossings into a single list. Hence, 
the knot 13ni496 has number 1496 + 4878 = 6374 in 1151 . where 4878 is the number of alternating 
knots with 13 crossings. 
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